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Because of technological restrictions, it is actually impossible to fabricate smooth microchannels. Therefore,
exploring the roughness effects on the flow characteristics at microscale is of great importance for scientific
communities. The present investigation deals with the effects of corrugated roughness on the fully developed slip flow
forced convection in micropipes. The governing equations subject to first-order slip boundary conditions are solved
by means of the straightforward perturbation method. Closed-form expressions are obtained for the dimensionless
velocity and temperature distributions, for the friction coefficient and pressure drop, and finally for the Nusselt
number. The results demonstrate that the corrugated roughness increases both the pressure drop and the heat
transfer rate, with the amount of the increase in the pressure drop being a little more. Despite increasing the heat
transfer rate, the effect of roughness is found to be unfavorable as it leads to smaller values of the channel
performance, defined as the ratio of the heat transfer rate to the pressure drop. In other words, for a given heat
transfer rate some increase in pumping power requirements is incurred.

Nomenclature

=  channel area, m?
specific heat at constant pressure, kJ kg™' K
hydraulic diameter of channel, =4A/P

unit vector in the radial direction

unit vector in the angular direction

Fanning friction factor, 21,, ,,/pU?
momentum accommodation coefficient
thermal accommodation coefficient

heat transfer coefficient, Wm 2 K~!
Knudsen number, =A/R

thermal conductivity, Wm~!' K~!
characteristic length scale, m

number of corrugations

Nusselt number, =hD), /k

normal direction exiting the wall, m
perimeter, m

Prandtl number, =v/«

pressure, Pa

total flow rate, m3 s~
heat transfer rate per unit length, Wm™!
wall heat flux, W m~2

nominal radius of the channel, m

gas constant

Reynolds number, =UD,, /v

radial coordinate, m

maximum 7 at each 6, =R + Re sin(M0)
temperature, K
mean velocity, m s~
axial velocity, ms™!
axial coordinate, m
= thermal diffusivity, m? s~
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y = heat capacity ratio

e = relative roughness

n = channel performance, WPa~!
0 =  angular coordinate, rad

A =  gas mean free path, m

n =  dynamic viscosity, kgm™! 57!
v =  kinematic viscosity, m?s~!

0 =  density, kgm™3

T =  shear stress, Nm~2

Subscripts

av =  average

b = bulk

K =  fluid properties at solid surface
w = wall

Superscript

* =  dimensionless variable

I. Introduction

ROUGHOUT the past two decades, microelectro mechanical

systems (MEMS) have been one of the major advances of
industrial technologies because of their lower cost in spite of supply-
ing higher performance. MEMS covers micron-sized, electrically
and/or mechanically driven devices. Having been derived initially
from the integrated circuit (IC) fabrication technologies, MEMS
devices are already emerging as products in both commercial and
defense markets such as automotive, aerospace, medical, industrial
process control, electronic instrumentation, office equipment, appli-
ances, and telecommunications. Current products include airbag
crash sensors, pressure sensors, inkjet printer heads, lab-on-a-chip
devices, etc.

Design and optimization of microdevices usually involve the
analysis of gas flow through microchannels as an important part of
these devices. Because of significant rarefaction effects, the flow
physics of gas flow at microscale is quite different from macroscale.
The features of this difference, which has been justified by a lot of
experiments [1-6], include discontinuities of velocity and temper-
ature on the boundary, non-Newtonian components of stress tensor,
non-Fourier heat flux and formation of Knudsen boundary layer [7].
Based on the degree of rarefaction, some of the aforementioned
features are present. The degree of rarefaction is measured by the
Knudsen number defined as Kn=A/L, with L denoting the
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characteristic length scale of the device and A being the mean free
path of the gas molecules. The mean free path is given by
L = pu+/7/2RT p*, where p is the dynamic viscosity, R is the gas
constant, and 7 and p are the temperature and density of the gas,
respectively. Based on a classification given by Beskok and
Karniadakis [8], gas flow can be categorized into four regimes
according to its Knudsen number. For Kn < 1073, the gas is
considered as a continuum, while for Kn > 10 it is considered as a
free molecular flow. In the Knudsen number ranging between 1073
and 10, two different regimes exist, namely slip flow for 1073 <
Kn < 0.1 and transition flow for 0.1 < Kn < 10. In the slip flow
regime, deviations from the state of continuum are relatively small
and the Navier—Stokes equations are still valid, except at the region
next to the boundary which is known as Knudsen boundary layer.
The Knudsen boundary layer is significant only up to distances of the
order of 1 mean free path from the wall [9]. So besides velocity and
temperature discontinuities at the wall, its effects are negligible in
slip flow regime and the Navier—Stokes equations may be applied to
the whole domain. The velocity and temperature discontinuities are
incorporated into the solution as boundary conditions. Several forms
of the slip boundary conditions have been proposed in the literature,
among them first- and second-order slip boundary conditions (based
on Knudsen number). Although the second-order slip boundary
conditions are more accurate than the first-order conditions,
however, the first-order conditions are sufficiently accurate in the slip
flow regime [9]. This, accompanied by their simplicity to use, has led
to the wide use of the first-order slip boundary conditions in the
literature. It is noteworthy that the measured friction factors obtained
by Harley etal. [1], Araki et al. [2], Arkilic etal. [4], and Liu et al. [5]
matched well with theoretical predictions assuming fully developed
first-order slip flow.

Hydrodynamic aspects of slip flow in the circular tube and parallel
plate channel were studied by Kennard [10]. Ebert and Sparrow [11]
have determined the velocity distribution and pressure drop of slip
flow in rectangular and annular ducts. More recently, Duan and
Muzychka [12] performed an analytical analysis to describe fully
developed laminar flow in elliptical microchannels. They also deve-
loped simple approximate models for predicting the friction factor in
noncircular microducts at fully developed conditions [13] and in the
entrance region [14] as well. All the results in [10-14] show that
rarefaction effect decreases pressure drop in microchannels
compared with conventional channels for a given mass flow rate.

Aydin and Avci [15,16] studied fully developed laminar slip flow
forced convection in a micropipe and microchannel between two
parallel plates. The thermally developing cases have been studied by
Jeong and Jeong [17,18] by taking the effects of viscous dissipation
and streamwise conduction into account. Sadeghi et al. [19] have
performed a boundary layer analysis for simultaneously developing
flow through parallel plate microchannels. The effects of Knudsen
number on friction factor, Nusselt number, and entry length have
been determined. Fully developed laminar slip flow forced convec-
tion in a rectangular microchannel under H, type boundary condition
was studied by Tunc and Bayazitoglu [20], using an integral
transform method. Thermally developing forced convection in
rectangular microchannels for both boundary conditions of constant
wall temperature and constant wall heat flux has been studied by Yu
and Ameel [21,22], by applying a modified generalized integral
transform technique to solve the energy equation, assuming
hydrodynamically fully developed flow. Naterer [23] developed a
new technique of adaptively optimized microgrooves in a surface,
with geometrical profiles selected to minimize entropy production
over the surface. Analytical solutions for hydrodynamic and thermal
features of fully developed slip flow forced convection in micro-
channel heat sinks were presented by Khan and Yovanovich [24]. Ina
recent study, Sadeghi and Saidi [25] examined heat transfer
characteristics of fully developed laminar rarefied gas flow in both
parallel plate and annular microducts with constant but different wall
heat fluxes. They also performed the second law of thermodynamics
analysis for slip flow forced convection through two aforementioned
geometries [26,27].

All the foregoing studies are dealing with smooth channels.
However, because of technological restrictions, it is actually
impossible to fabricate smooth microchannels. It is well known that
roughness effects do not significantly affect flow characteristics at
macroscale due to the fact that at macroscale small values of relative
roughness are present. Nevertheless, at microscale we encounter the
values of even more that 0.1 for relative roughness [28]. Because of
its importance, the roughness effect on liquid flow in microchannel
has extensively been investigated in the literature. Experiments were
conducted by Peng et al. [29] to investigate the flow characteristics of
water flowing through rectangular microchannels having hydraulic
diameters of 133-367 um. The friction behavior of both the laminar
and turbulent flows was found to depart from the classical thermo-
fluid correlations. Water flow through microtubes with diameters
ranging from 50 to 254 pm was investigated experimentally by Mala
and Li [30]. The experimental results indicated that for microtubes
with smaller diameters the pressure drop is higher than the predic-
tions of the conventional theory. Wu and Cheng [31] performed an
experimental investigation on the laminar convective heat transfer
and pressure drop of water in 13 different trapezoidal silicon
microchannels. It was found that the Nusselt number and friction
coefficient increase with the increase of surface roughness and
surface hydrophilic property. Systematic experiments were con-
ducted by Kandlikar et al. [32] using saw-tooth roughness elements
in rectangular flow channels. Their efforts resulted in introducing
some new parameters including constricted flow diameter, the
nominal channel diameter minus 2 times of average roughness
height. They recommended the use of the constricted flow diameter
instead of the nominal diameter in obtaining flow characteristics in
microchannels.

Surface roughness on channel walls introduces surface-fluid
interactions that are not well defined and cannot be easily handled
through analytical or numerical treatments. Nevertheless, some
attempts have been performed to theoretically investigate roughness
effects on gas flow in microchannels. Li et al. [33] proposed a model
that describes the behavior of rarefied gas flow in long microtubes.
The rough surface was modeled as an annulus porous film pressed on
an impermeable surface. Sun and Faghri [34] investigated the effects
of surface roughness on nitrogen flow in a microchannel using direct
simulation Monte—Carlo method. The surface roughness was
modeled by an array of rectangular modules placed on one side of a
parallel plate channel. It was revealed that as the relative roughness
increases the friction factor increases. The results also showed that
the effect of surface roughness is more pronounced at low Knudsen
numbers. In two recent studies, Duan and Muzychka [35,36]
considered the effects of corrugated roughness in both angular and
axial directions of micropipes on pressure drop of the gas flow. The
governing equations were solved by means of the perturbation
method using first-order slip boundary condition. The developed
models show a significant increase in pressure drop due to roughness.

Unlike hydrodynamic features, the roughness effects on heat
transfer features in rarefied flow through microchannels have rarely
been investigated. The aim of the present work is to study the effects
of corrugated roughness on the heat transfer characteristics of the
fully developed forced convection of a rarefied gas flow through
micropipes in slip flow regime. The classical boundary condition of
H, type is considered which refers to constant wall heat flux in the
axial direction, but having constant wall temperature in the peri-
pheral direction at any cross section. This boundary condition may
apply to the channels constructing from highly conductive materials
such as copper and aluminum [37]. The governing equations along
with first-order slip boundary conditions are solved by means of the
perturbation method. Approximate analytical solutions are obtained
for the dimensionless velocity and temperature distributions, for the
pressure drop and friction coefficient and finally for the Nusselt
number.

II. Slip Velocity and Temperature Jump

As stated before, because of rarefaction effects, the velocity and
temperature of the gas at the solid surface are different from the
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corresponding values of the wall. The velocity of the gas at the wall is
known as the slip velocity and the difference between the wall
temperature and the gas temperature at the wall is known as the
temperature jump. The first-order boundary conditions for velocity
and temperature at the solid surface may be written as [38]

2—F du
= 2l — 1
us F’Tl (8n)u' ( )
_2—F, 2y A (0T
T,—T,= _— 2
! v FY 1 + yPr (an)u ( )

where u, and T are the velocity and temperature of the gas at the
wall, respectively, T,, is the wall temperature, Pr is the Prandtl
number, y is the heat capacity ratio, n is the inward normal direction
to the wall, F,, is the tangential momentum accommodation
coefficient, and F, is the thermal accommodation coefficient. Even
though different parameters that affect surface interaction, such as the
magnitude and the direction of the velocity, may affect the value of
accommodation coefficients, however, these coefficients are
reasonably constant for a given gas and surface combination [39].
As noted by Hadjiconstantinou [9], for most engineering applica-
tions the values of accommodation coefficients are close to unity.

III. Problem Formulation

Consider slip flow forced convection through a circular micropipe.
The flow is considered to be hydrodynamically and thermally fully
developed, steady, laminar and having constant thermophysical
properties. The flow velocities are considered to be low enough to
allow neglecting the viscous dissipation and compressibility effects. It
is assumed that, due to manufacturing defects, the channel possesses a
rough surface which may be described approximately by the
sinusoidal function » = R + Re sin(M6) as shown in Fig. 1, where R
is the nominal radius of the channel, M is the number of corrugations
and ¢ is the relative roughness. The thermal boundary condition is
assumed to be the constant wall heat flux of the first kind, H,.

A. Hydrodynamic Features
The momentum equation at fully developed condition is given by

1d
Viu=-L 3)
ndz
in which z is the axial coordinate and
2 19 1 9% 02
2= G

a2 et ee Tz

Fig. 1 Geometry of the physical problem and coordinate system.

Since for fully developed flow u = u(r, 6), therefore, 8°u/dz> = 0
The momentum equation is constrained by the following boundary
conditions

u#oo atr=0 (©)

u= ﬂmka— at r = R + Resin(M6) 6)
which for brevity the parameter 8,, = (2 — F,,)/F,, has been used.
To generalize the results, the momentum equation along with the
corresponding boundary conditions are written in the following
dimensionless forms

?u* 10wt 1 0*w* R>dp

V*Z * — 7 _ e
" ar*? + r* or* + r2 002 uUdz @
u*#o0o0 atr*=0 ®)
du* .
u* = ,BmKn% at r* =1 + esin(M6) )

in which r* = r/R, Kn = A/R, V¥ = R*VZ, and u* = u/U with U
being the mean velocity. The next step of the procedure is finding
du*/dn* at the wall. From the calculus, n* may be expressed as
follows

o —Vr*—1—esin(MO)] _

|V*[r* —1 - SSIH(MQ)“

e, —Mecos(Mb)eg

1+ %COSZ(MG)

at r* =1 4 esin(M6) (10)

where e, and ey are the unit vectors in the radial and angular
directions, respectively. The dimensionless velocity gradient at the
boundary is thus

W G — (O, O
P P PR P VR

e, —Mecos(MO)ey, 5% —Mscos(MO) & an
\/1 +M*2 cosz(MH) \/1 +%0052(M9)
Therefore, the boundary condition (9) may be rearranged as
M2 a M
\/ 1+ = cos’(Mf) = —,BmKn[ a”* — 22 cos sm6)° }
at r* =1 + esin(M0) 12)
or
M2 2
u*[l + fz cos>(M0) + ]
2r
a M
= —ﬁmKn[au* ¢ ] at r* =1 + esin(M6)

13)

We can expand the terms 72, u*, du*/dr*, and du*/d6 in Taylor
series to obtain

2= (1—esin(M0) + &sin>(M0) + ---)? (14)

u*(1 + esin(M6),0) =u

+Esm2(M0) - “1L6) + - (15)
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2

%(1 +esin(M0), ) = 3 (1, e?)+e—>sm(1‘40>a 7z (1.9
r

2

—|——sm2(M9) e (1 0) + -- (16)
”*1+'M99 1.0) + esinM0) L (1.0
01+ esinM0).6) = 1 (1.6) + esin(6) L (1.6)
2
i) L (1e) 4 17)

2 *289

Let us seek an approximate solution in the form of a Poincare type
asymptotic expansion for velocity as

u (r*,0) = ui(r, 0) + eui (r*, 0) + 2ui(r*,0) +---  (18)

Substituting the above expansion into Eq. (7) and equating the terms
having equal powers of ¢ leads to the following equations for ug, u7,
and u}

R? dp

V2 = U Vi =0,  V2ui=0 (19

Substituting expansion (18) into Egs. (15-17), setting the resulting
equations along with Eq. (14) into Eq. (13), and equating coefficients
of equal powers of ¢ result in the following boundary conditions

u;(1,60) = —ﬁmKng%(l, 0) (20)

= _ﬁ)’lKn[aLi(l’ 9)

2, %

+sin(M9)g%(1,9) Mcos(M@) (1 9)} Q1)

M2
ui(1,6) +—c0s

ut
ar (1.9

uf = a,r*™ sin(M0) (24)
uh = a + byr**M cos(2M0) (25)

with the following coefficients

R? dp R? dp
=——_"C[1428,Kn, by= =
ag 4,bLUdZ[ +28,,Kn] 0= U dz
v R* dp 1+ B,Kn
"7 2uUdz 1 + B, KnM
o Fodply (ML 1+ B Kn
2T audz [P 8 41+ B,KnM

M 1+B,Kn 1
ik 1+, Kn
}fU dp [ﬂmKnM(M + 1-! 2M1+J;1 K

1+ 28, KnM

_ M _14+B,Kn l]
4 1+B,KnM T 38 (26)

The term (R?/uU)(dp/dz) may be removed from the velocity
distribution invoking the fact that the average dimensionless velocity
over the cross section of the channel is equal to unity, that is

fu*dA* _fu*dA*
T T A

=1 Q7

The dimensionless channel area A* is evaluated as

27/M  [1+¢&sin(M6) 52
=M/ / r*dr*d@zﬂ(l—i——) (28)
0 0 2

and the dimensionless flow rate is given by

sin? (MH) 32 uo ous
2 2 (1.0) = _ﬁ"’Kn[ " 2/M [1+esin(M6) W do b
u*dA* =M w*r*dr* df = nfay +
0%u sin?(M6) a*uo / A f o + B/
—+ sm(MQ) g (1 0) + ——— 5 (1,0) ) .
2 + (ap/2 4+ 3by/2 + a; + ay)e” + O(e*)] (29)
° g (1.0 — 1 g (1.6)
82 By substituting the coefficients of velocity distribution into the above
— M sin(M6) COS(MQ) = 9 (1, 9)] (22) equation, and setting the resulting expression accompanied by
96 Eq. (28) into Eq. (27), we come up with the following expression
R dp 1+5 (30)
WO s B LR KM+ 4 S 0

The solution of Eqgs. (19) subject to boundary conditions (20-22) is

up = ag + bor*? (23)

7R* dp

From the above equation, the pressure gradient for a given mean
velocity may be obtained. Both sides of Eq. (30) should be multiplied
by A~! = 1/7R*(1 + €%/2) to obtain the pressure gradient for a
given flow rate as follows:

1

& 1 /5,7,kn Bukn _ 1 _1+BuKn
nQ dz 3 + 4 21+, KnM

+ ﬂmKnM(%

€2y

_ 1 _1+B,Kn M _1+B,Kn 1.2 4
4 I+ﬂ,,,KnM) +% 4 148, knm! 8 + 0(8 )
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in which Q = UA is the total flow rate. One of the important
parameters of the hydrodynamics is the friction factor defined as

2Tw av 2(_ Aif)
f= W = ﬁ (32)

with P being the channel cross-section perimeter. It should be
mentioned that the average wall shear stress, 7, ,,, has been related to
the pressure gradient using an overall momentum balance on an

element of the fluid with the length of dz. The final form of the
friction factor in the form of Poiseuille number is

—1+9%

o7 _dT, _dT,
9z dz  dz

with T, being the bulk mean temperature. From an energy balance on

a length of duct dz, the following expression is obtained for d7},/dz
a7, _ guP

dz pc,AU

(41)

(42)
Since ‘?,T is constant, the axial conduction term in the energy equation
will be zero. Therefore, the energy equation in dimensionless form
may be written as

fRe = - - (33)
—i = Pt = P s T KM — i) + e + 0
in which D} =4A*/P* is the dimensionless hydraulic diameter. 2 02T 1 9T* 1 aZT* 4 v
Although according to Shah and London [37] the perimeter should VeETT = 972 + ot +-3 2 902 D* 43)
be evaluated numerically, however, we may seek an approximate
e{(pression for small values of . The dimensionless perimeter is and the corresponding dimensionless boundary conditions are
given by
T*#0c0 atr*=0 (44)
* __ zﬁn *2 dr:;l : 8T*
Pr=M | T (de) d6 =BKny o atrt =1+ esin(M6) (45)
n
27
=M | V1 + 2esin(M) + 2sin>(M6) + M*e>cos*(M6) do Similar to the velocity, the temperature is expanded as follows
0
(34 T*(r*,0) = T3 (r*,0) + eT; (r*, 0) + &T5(r*,0) + -+ (46)

It should be pointed out that r7, is the maximum value of r* at each 6,
ie., rj, = 1 4 esin(M0). We can expand the integrand in the above
equation and obtain the following approximate expression for
dimensionless perimeter

P* ; — (64 + 16M%e? — 3M*c*) (35)
Equation (35) along with Eq. (28) leads to the following expression
for the dimensionless hydraulic diameter

128 + 64¢?
Dy = 36
64 + 16M?? — 3M*&* (36)

B. Thermal Features

The energy equation for the thermally fully developed flow is
given by

aT
u—=aVrT (37)
0z
and the corresponding boundary conditions are written as
T#o00 atr=0 (38)
aT .
T—-T,=pBA n at r = R 4 Resin(M0) 39)

in which B, =[(2—F,)/F]2y/(1 + y)Pr]. The usual way of
modeling the thermally fully developed flow is to define the
following dimensionless temperature which is independent of the
axial direction

(40)

where q,, = / z;,dP is the average wall heat flux over the channel cross
section. Taking differentiation of Eq. (40) with respect to z gives

which after substituting into Eq. (43) leads to the following equations

4
VTG = — (ag + bor*?) (47)
Dj
4 .
V2Ty = —a,r*™ sin(M6) (48)
Dj,
4
V2Ts = o [ay + byr**M cos(2M0)] (49)

h

A quick glance at both Egs. (9) and (45) reveals that there is an
analogy between the boundary condition at the wall for both
dimensionless velocity and dimensionless temperature. Therefore,
the boundary conditions for 7¢j, T}, and T may be constructed from
Eqgs. (20-22) and the outcome is

T;(1.6) = —p, (50)
TH(1,6) + sin(M@)%(l,G) = —,B,Kn[a—]:lj(I, 0)
BT i
+ sin(M6) -5 (1,6) - 51.0) 1)

M2
T;(1,0) —|—7c0s2(M0)T3‘(1, 0)

sin?(M6) 9>T§
O (1.6)

10+

2

=—ﬂ,Kn[a (1,8) + sin(M) fz (1,6)

sin®(M6) 83 T0
2

3 (1,0) +2M sin(M0) cos(MQ) (1 0)

2

1 (1 0) — M sin(M6) cos(M6)

T}
10|52
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The solutions of Eqs. (47—49) subject to boundary conditions (50—
52) may be written as

Ty = Ay + Byr*? + Cor (53)

= (A, ™M + B,r*™+2) sin(M0) (54)

T; = A2 —+ Bzr*z —+ (Czr*zM —+ Dzr*2M+2) COS(2M9) (55)

where the coefficients are given below

—hKn (2% b_(i)_a_(i_ bo*’ Bo:a—i
Dh Dh 4Dh Dh
by
C, =
0" 4D;
A z_ﬁrK”(%ﬁ TES
! Di(1+ B,KnM)
a
Bj=—
""" DM+ 1)
,BKn
Ay=—"0= | M(M = DA, + (M +2)(M + 1B, +12C,
4a M?
—-M*(A, +B 2] _T(A0+BO+C0)

1 B
— Z[MA, + (M +2)B,]— (70 + 300) el

2 D;
A — st b
a, D; 2M+1) 5
B =—), C = > D = 56
2T D 27 1+ 2B,KnM 2T DM + 1) (56)
with
B.Kn
A =02 MM = DA, + (M +2)(M + DB, +12C,

+ M(A, + B)) — 4

M+1 b, M
— = (A + By + C
2M+1D;j} (Ao + Bo + Co)

1 B
+§[MA1 + (M +2)B,] +7°+3c0 (57)

Once the temperature distribution is obtained, the quantities of
physical interest, including the bulk temperature of the fluid and the
heat transfer rate can be obtained. The dimensionless bulk
temperature is given by

_ Mf27z/M f1+ssin(M9) uET*r* dr* d@
b Mf2n/M ‘/‘1+Lsm M¢9) % dr* df

2/M  [14€sin(M0)
=—2/ / w*T*r* dr* do (58)
7(1+%)

After integration, the bulk temperature in dimensionless form
becomes

A byB C D o(e*
T;;:ao » T boB, + a; bgz+ a, Dy, + O(g") (59)
1+2

with the following coefficients

By C, (A 5
Ay=Ay+ °+3"+(°+ By+5Co+ A+ B,

B
+A,+ 72)52 + 0(g

By C, (3
B, =—+3°+ 0+(A0+ By +5 C0+A1+Bl

A, B, 2 4
+2+3)e + 0(eY

_ A B, 2 4
B
(Ao +="+ (;0)82 + 0(e%) (60)

Based on the definition, the Nusselt number is written as

hD D D;
Ny=2E2n__ QuPn 61)
k k(Tw - Tb) TZ

IV. Method Validation

First of all, it is convenient to examine the accuracy of the
suggested expression for dimensionless hydraulic diameter, i.e.,
Eq. (36), as it is essential in expressing both friction factor and
Nusselt number. For this purpose, the integral of Eq. (34) was
performed numerically using both MAPLE and MATLAB solvers as
well as an in-house code. The results of both softwares and the in-
house code were found to be identical up to four decimal digits. The
numerical results along with those predicted by the approximate
expression (36) are presented in Table 1. One can see that the
approximate expression can well predict the hydraulic diameter. The
error incurred by using the approximate expression increases with
increasing values of M and ¢ and reaches about 0.2% for M = 12 and
e =10.06. Despite the good agreement between the results,
unfortunately our results do not coincide with corresponding values
supplied by Shah and London [37] at higher values of M and ¢.

Tables 2 and 3 compare the values of Poiseuille number and
Nusselt number, respectively, for the special case of no slip
conditions, i.e., Kn = 0. It is worth mentioning that we use Kn =0
to indicate the no slip limit at which the Knudsen number is so small
that the slip velocity is negligible compared with the velocity scale of
the problem. Hence in the rest of the paper Kn = 0 indicates a limit
that Kn — O but never Kn = 0. As seen, when the value of Dj from
Shah and London [37] is used to calculate the Poiseuille and Nusselt
numbers, the present results are in good agreement with their
reported ones. The Poiseuille numbers calculated based on the
hydraulic diameters reported by [37] are also in excellent agreement
with those reported by Duan and Muzychka [35]. This is not
surprising, because they used the values of hydraulic diameter from
the same reference. It is worth noting that for the special case of a
smooth pipe, i.e., ¢ = 0, our expression for Nusselt number and the
one given by Ameel et al. [40] predict identical values.

Table 1 Comparison of the values of Dj; /2

D;/2
M & Present work
Numerical Approximate Shah and London [37]
6 0.02 0.9966 0.9966 0.9966
0.04  0.9867 0.9867 0.9863
0.06 09710 0.9711 0.9689
8 0.02 09939 0.9939 0.9938
0.04 09763 0.9763 0.9747
0.06  0.9492 0.9495 0.9418
12 0.02 0.9861 0.9862 0.9856
0.04  0.9483 0.9485 0.9402
0.06  0.8951 0.8969 0.8583
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Table 2 Comparison between the values of Poiseuille number obtained in the present study for no slip
conditions and those reported by [35,37]

fRe
M & Present work
Dj; from Eq. (36) Dj from [37] Duan and Muzychka [35] Shah and London [37]
6 0.02 15.9527 15.9520 15.952 15.952
0.04 15.8189 15.8046 15.805 15.806
0.06 15.6219 15.5512 15.551 15.559
8 0.02 15.8902 15.8880 15.888 15.887
0.04 15.5866 15.5359 15.536 15.542
0.06 15.1594 14.9154 14.915 14.943
12 0.02 15.6949 15.6773 15.677 15.679
0.04 14.9076 14.6471 14.647 14.671
0.06 13.9474 12.7738 12.774 12.872

Table 3 Comparison between the values of Nusselt number
obtained in the present study for no slip conditions and those
reported by [37]

Nu
M & Present work
Dj from Eq. (36) Dj, from [37] Shah and London [37]
6 0.02 4.3401 4.3399 4.340
0.04 4.2731 4.2693 4.267
0.06 4.1737 4.1548 4.142
8 0.02 4.3167 4.3161 4.316
0.04 4.1864 4.1728 4.168
0.06 4.0016 3.9371 3912
12 0.02 4.2507 4.2460 4.245
0.04 3.9575 3.8884 3.875
0.06 3.5946 3.2921 3.231

V. Results and Discussion

In presenting the results, it is assumed that the values of
accommodation coefficients are equal to unity. Also the values of
Prandtl number and the heat capacity ratio are set to be 0.7 and 1.4,
respectively. Based on these assumptions, the friction factor and
Nusselt number will be dependent on three parameters comprising
Knudsen number, relative roughness, and the number of
corrugations. First of all, it is convenient to inspect the effects of
roughness on the hydrodynamic features.

The dimensionless velocity profile at different Knudsen numbers
for M = 10 and ¢ = 0.03 at the angular position of § = 7/2M is

| ——= . . . . . . .

\_.\‘\
N M=10,6=0.03,8=n/2M
NN
081 1
0.6 1
*QE
e
0.4 1
ook Kn = 0.00 Y J
——— — Kn=0.05 LY
— — — — Kn=0.10 v
[
0 A A A A A A Lo
0 025 05 075 1 125 15 175 2 225
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Fig. 2 Dimensionless velocity profile at different Knudsen numbers.

illustrated in Fig. 2. As aresult of slip conditions, slip velocities occur
at the wall for non zero values of Kn. An increase in K7 results in an
increase in the slip velocity at the wall, while according to mass
conservation, the maximum velocity decreases. Note that as
Knudsen number increases the velocity gradient becomes smaller,
especially at the wall at which the maximum decrease occurs. We will
see that this leads to decreasing the pressure drop for higher Knudsen
numbers.

Figure 3 shows the velocity profile at different angular positions
for M = 10 and Kn = 0.05. In the presence of roughness, the change
of velocity profile relative to that for smooth channel is quite different
for concave (0<6<nm/M) and convex (7/M <0 <2m/M)
regions. In the concave region, which is represented by 6 = 7/2M,
the effect of roughness is to decrease dimensionless velocity over the
majority of the channel cross section, while, according to mass
conservation, it is to increase velocity in the convex region
represented by 6 = 37r/2M. Away from the wall, both profiles merge
with each other due to decadence of the wall corrugation effects.

The graphs of the pressure gradient versus M at different values of
Knudsen number and relative roughness while keeping 7R*/uQ =
1 are illustrated in Fig. 4. As expected, increasing Knudsen number
decreases the pressure drop. This is due to the fact that rarefaction
decreases momentum exchange between the fluid and the solid
surface. In other words, the fluid less senses the presence of the wall.
The pressure drop increases as the relative roughness or the number
of corrugations increase. The quantitative value of the increase in the
pressure drop at e = 0.05 and Kn = 0.05, relative to the smooth tube,
is about 12.3% for M = 25. Increasing pressure drop arising from
increasing values of the relative roughness, which is consistent with
the results of Sun and Faghri [34], is mainly due to increasing the
ratio of the channel surface to the channel area.

M =10, Kn =0.05
0.8 1
0.6 F 1
¥<E
e
0.4 1
02l —e——e - e=0 |
——— £=0.05,6=n/2M
—e—— £=0.05,0=3n/2M
00 0.5 1 1.5 2

o
Fig. 3 Dimensionless velocity profile at different angular positions.
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Fig. 4 Pressure gradient vs M at different values of Knudsen number
and relative roughness while keeping 7R*/unQ = 1.

Figure 5 exhibits the radial distribution of dimensionless
temperature at different angular positions for M =10 and
Kn = 0.05. It can be seen that, in the convex region, smaller values
of dimensionless temperature compared with that for the smooth tube
are obtained which means that the temperature difference between
the fluid particles and the wall increases. In the concave region, two
different behaviors are observed, namely increasing the dimension-
less temperature in the region adjacent to the wall and decreasing it in
the core region. These trends may be interpreted using the velocity
profiles given by Fig. 3. A decrease in velocity gives the fluid
particles the opportunity to sense the wall effects more by means of
the thermal energy diffusion. In the concave region, the velocity of
the near wall region decreases, leading to a more effect of thermal
diffusion, and consequently, a smaller temperature difference
between the fluid particles and the solid surface. The opposite of the
aforementioned description is right for the core region.

The radial distribution of dimensionless temperature at different
values of the angular position and the Knudsen number is presented
in Fig. 6. As observed, an increase in the effect of rarefaction leads to
a greater difference between the fluid and wall temperatures which is
mainly due to the temperature jump at the wall. For all the Knudsen
numbers, the temperature gradient at the wall in the convex region is
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Fig. 5 Radial distribution of dimensionless temperature at different
angular positions.
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Fig. 6 Radial distribution of dimensionless temperature at different
values of angular position and Knudsen number.

higher than that in the concave region which means that the local wall
heat flux is greater in the convex region.

The main theme of the present work is to study heat transfer rates
which may be expressed in terms of the Nusselt number. Figure 7
demonstrates the Nusselt number values as a function of M at
different values of the Knudsen number and the relative roughness.
The Nusselt number decreases as the Knudsen number increases,
which is an expected trend arising from the fact that rarefaction
decreases heat transfer rates. The Nusselt number also decreases as
the relative roughness or the number of corrugations increase. The
effect of the relative roughness on the Nusselt number is more
pronounced at higher values of M. Decreasing Nusselt number with
increasing values of the relative roughness can be explained by
means of Fig. 5. Although in the vicinity of the surface of the concave
region, smaller temperatures with negative sign compared with the
smooth tube are obtained, however, regarding the variations of the
velocity profile, it may be concluded that for a higher value of relative
roughness, the bulk temperature takes higher values with negative
sign. Therefore, according to Eq. (61), smaller values of Nusselt
number are obtained.

Besides the Nusselt number, it is convenient to study the variations
of the heat transfer rate per unit length of the channel, i.e., Q' =

42 T
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Fig. 7 Nusselt number vs M at different values of Knudsen number and
relative roughness.
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Fig. 8 Heat transfer rate per unit length for air vs M at different values

of relative roughness for a nominal radius of R=2 um and
T,-T,=10 K.

hP(T, — T,) which is shown in Fig. 8. The value of thermal
conductivity is assumed to be k = 0.026 Wm™! K~!, the air thermal
conductivity at standard atmospheric conditions. Moreover, a
nominal channel radius of R =2 um is considered to yield a
Knudsen number of 0.05 for a mean free path of about 100 nm. The
temperature difference between the wall and the bulk fluid is set to be
10 K. As observed, the heat transfer rate increases as the relative
roughness or the number of corrugations increases. This behavior,
which is consistent with the experimental results of Wu and Cheng
[31], is the result of increasing the channel surface giving the fluid
more of an opportunity to transfer additional heat. The quantitative
value of the increase in the heat transfer rate at ¢ = 0.05, compared
with the smooth tube, is about 7.0% for M = 25. It was found
previously that the corresponding value of the increase in the
pressure drop is about 12.3%. Therefore, the channel performance,
defined as n = Q'/(dp/dz), for e = 0.05 is about 4.7% smaller than
that for smooth pipe which means that for a given value of the heat
transfer rate we incur some increase in pumping power requirements.
In other words, this is to say that the corrugated roughness, in spite of
increasing the capacity of heat transfer, leads to a little decrease in the
channel performance and therefore is an undesirable phenomenon.
The channel performance as a function of M at different values of the
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o40L 1
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0471 _ _ _ _ £=000
—— —— £=003
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£=0.05
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M

Fig. 9 Channel performance as a function of M at different values of
the relative roughness.

relative roughness is shown in Fig. 9. As mentioned previously, the
performance is decreased with increasing values of the relative
roughness. The effect of roughness is more pronounced at higher
values of M.

V1. Conclusions

The effect of corrugated roughness on the fully developed forced
convection of a rarefied gas in a micropipe was investigated in this
work. The rarefaction effects were treated using first-order slip
velocity and temperature jump boundary conditions. The governing
equations were solved by means of the straightforward perturbation
method. Closed-form solutions were obtained for the dimensionless
velocity and temperature distributions, for the friction coefficient and
pressure drop, and finally for the Nusselt number. The effects of
roughness on the flow parameters were discussed in detail. The
results confirmed the previous works’ conclusions that the pressure
drop is an increasing function of the relative roughness. It was also
found that although the Nusselt number decreases with increasing
roughness, roughness leads to a higher rate of heat transfer. Despite
increasing the heat transfer rate, the effect of roughness was found to
be unfavorable as it leads to more increase of the pressure drop
leading to smaller values of the channel performance.
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